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Recent consensus on the Nf = 2 + 1 equation of state at vanishing chemical potential from
different lattice-QCD groups has spoiled the previous agreement with the outcome from the mean-
field Polyakov-Nambu-Jona-Lasinio model. In this letter we review the thermodynamics of the
PNJL model introducing two important aspects needed to describe the pressure computed in the
lattice QCD. First, we consider the thermodynamics of the model beyond the mean-field approach
to include pseudoscalar and scalar mesonic-like fluctuations into the grand-canonical potential. This
accounts for the hadronic pressure of the system below the critical temperature. On the other hand
we also implement the back reaction of quarks into the Polyakov-loop effective potential bringing
a reduction of the pressure above Tc from the Stefan-Boltzmann limit. We get a good agreement
with lattice-QCD data at low and moderate temperatures, opening the door to a straightforward
extension to finite chemical potential.
INTRODUCTION
The Nambu–Jona-Lasinio (NJL) model [1–5] has been
extensively used in the context of strong interactions due
to its ability to account for several key phenomena of
the Quantum Chromodynamics (QCD), like the sponta-
neous symmetry breaking (together with the generation
of Goldstone bosons) and its restoration at high tem-
peratures and densities. This model works as an effec-
tive realization of QCD at low energies, and allows us
performing studies in a much simpler way in the regime
where QCD is too difficult to solve, or computationally
expensive like in lattice-QCD calculations.
The absence of dynamical gluons –which are integrated
out of the model– has been partially compensated by
the coupling of the Polyakov loop effective potential to
the quark sector [6]. Static quantities like the equation
of state (EoS) showed –already at mean-field level– a
nice agreement with lattice-QCD data from the Bielefeld
group (later Hot QCD collaboration) [7, 8]. This accor-
dance was not only achieved at zero chemical potential
(µB), but also at finite baryonic density using the Taylor
expansion technique in the lattice data [6, 9, 10]. The
quantitative agreement was not only surprising due to
the relatively small number of parameters of the model
(quark bare masses, fermion coupling, ultraviolet (UV)
cutoff...), but also due to the fairly good description
at high temperatures (where dynamical gluons should
start to contribute) and below the transition tempera-
ture Tc (where hadronic contribution is expected to dom-
inate) [6, 10, 11]. However, it is important to remind that
the EoS computed from lattice-QCD was not unique, ex-
isting alternative results from the Wuppertal–Budapest
group [12], whose EoS at µB = 0 was not compatible
with the PNJL model [13].
Recently, a consensus on the EoS between the two
collaborations has been achieved, solidly pointing to a
crossover transition around Tc ' 155 MeV, and a com-
patible EoS up to temperatures of 400 MeV [14, 15].
The final EoS –the one from the Wuppertal–Budapest
group– now disfavors the results from the PNJL model.
The pressure of the PNJL model underestimates the
lattice-QCD results below Tc (demonstrating the lack of
hadronic pressure), and presents a rapid increase towards
the Stefan-Boltzmann (SB) limit of massless quarks and
gluons, overshooting the lattice-QCD pressure soon after
Tc [13].
The goal of this letter is to readdress the thermody-
namics of the PNJL model and show that it can still
provide a good description of lattice-QCD EoS, once two
natural ingredients are taken into account. At low tem-
peratures one expects that the main pressure should be
carried by hadrons, primarily by the lightest mesons. To
account for these states we compute mesonic-like fluc-
tuations of the grand-canonical potential on top of the
mean-field result. This improvement has been explored
before in the literature, following the pioneering works of
Refs. [16, 17]. At moderate temperatures T ∼ (1− 2)Tc,
and due to the fast restoration of chiral symmetry, the
PNJL model describes a gas of nearly massless quarks
and gluons. We will improve the description in this win-
dow by considering the backreaction of quarks onto the
Polyakov-loop effective potential. This effect –so far not
applied to the PNJL model– carries a systematic reduc-
tion of the “gluonic” pressure bringing down the total
pressure from the SB limit. In this regime, we will follow
the outcome of a recent paper [18] in which this idea has
been exploited in detail using functional renormalization
group methods.
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2PNJL MODEL WITH GLUE EFFECTIVE
POTENTIAL
In this study we follow the same conventions and pa-
rameters of the Nf = 2 + 1 PNJL model of our past
work [19]. We consider the local version of the NJL model
with scalar and pseudoscalar interactions among quarks.
The NJL Lagrangian is supplemented by the ’t Hooft
(six-quark) interaction responsible to mimic the presence
of the axial anomaly in the mass gap between the η and
η′ mesons. Finally, we also include the Polyakov-loop ef-
fective potential accounting for static gluonic properties.
The grand-canonical potential of the model is expressed
as
ΩPNJL(T, µi; Φ, Φ¯) = Ωq(T, µi) + U(T ; Φ, Φ¯) , (1)
where the first term corresponds to the quark sector and
the second one to the Polyakov-loop effective potential.
We denote the temperature by T , quark chemical poten-
tials by µi = (µu, µd, µs), the expectation value of the
Polyakov loop (EVPL) by Φ, and its conjugate by Φ¯.
The grand-canonical potential for quarks will be ex-
panded in inverse powers of the number of colors Nc [17],
Ωq(T, µi) = Ω
(−1)
q (T, µi) + Ω
(0)
q (T, µi) + · · · , (2)
where the index (a) refers to the contribution at order
of O(1/Nac ). The leading order term (O(Nc)) contains
the mean-field approximation, and correspond to the di-
agrams shown in Fig. 1 (where the quark interaction has
been explicitly drawn with a dashed line). The explicit
expression for Ω
(−1)
q (T, µi) can be found in [19, 20].
FIG. 1: Noninteracting, Hartree and ’t Hooft diagrams con-
tributing at O(Nc) to the grand-canonical potential.
The quark propagators in the diagrams of Fig. 1 are
taken in the Hartree+’t Hooft approximation, i.e. they
are selfconsistently obtained from the minimization of
Ω
(−1)
q . This approximation is also consistent with a fixed
order in Nc counting.
In the absence of quarks –i.e. for a Yang-Mills theory–
the parameters of the Polyakov-loop effective potential
U = UYM are chosen to fit the EoS of pure gauge lattice-
QCD calculation, and to reproduce the EVPL as a func-
tion of temperature [6]. This procedure fixes the position
of the minimum of UYM as a function of temperature, but
not the exact form of the effective potential itself. This
freedom led to several parametrizations for UYM (“poly-
nomial”, “logarithmic”...), all of them with a first-order
deconfinement transition around T0 = 270 MeV. As ar-
gued in Ref. [21], the effects of dynamical quarks bring
down the value of T0 to a lower temperature. In Ref. [19]
we took T0 = 190 MeV for Nf = 2 + 1 flavors, consistent
with the findings in [21].
Once the effective potential UYM is fixed and coupled
to the NJL grand-canonical potential, the equilibrium
configurations of the order parameters are obtained by
minimizing Eq. (1). In this way, gluons modify the gap
equations for quark masses (the Fermi occupation num-
ber is corrected by the EVPL). In addition, the EVPL
(Φ, Φ¯) is also affected by quarks, transforming the de-
confinement transition into a crossover around T0. No-
tice that the Polyakov-loop effective potential itself is not
modified by quarks, keeping its functional form, but with
an EVPL which does not coincide with the minimum of
UYM anymore.
To compute the gluonic part of the pressure, P =
−UYM(T ; Φ, Φ¯), the effective potential is evaluated at the
EVPL, probing a region of UYM not affected by quark dy-
namics. Therefore, it is reasonable to ask for the effects
of quarks into the effective potential itself, and not only
at the minimum. Thus one considers not the pure gauge
potential anymore, but the “glue” potential Uglue, which
contains back reaction effects from dynamical quarks. A
systematic study of this potential and its differences with
respect to UYM has been made in the context of the func-
tional renormalization group (FRG) in Ref. [18]. We
will follow the results of Ref. [18] and couple to the NJL
Lagrangian the “glue” potential Uglue. The FRG study
shows that in a good approximation this potential is re-
lated to the original YM potential by the transformation,
Uglue
T 4
(T ; Φ, Φ¯) =
UYM
T ∗4
(T ∗; Φ, Φ¯) , (3)
where T ∗ depends on the temperature T by
T ∗ − T ∗,cr
T ∗,cr
= 0.57
T − T cr
T cr
, (4)
with T ∗,cr = 270 MeV playing the role as the transition
temperature in the YM case, and 180 MeV . T cr . 270
MeV, the one in the glue effective potential. The numer-
ical coefficient 0.57 is the outcome from the comparison
of both potentials within the FRG study. In the present
work, we fix U = Uglue setting Tcr = 190 MeV. The pa-
rameters of the YM effective potential are taken as in [19].
We remove the UV cutoff from all the convergent inte-
grals (this renormalization criterion is usually done with
the unique aim of reaching the Stefan-Boltzmann limit
in the quark sector at large temperatures).
The grand-canonical potential at mean field, together
with the glue potential can be used to solve the quark
3gap equations and compare the values of the quark con-
densate with the lattice-QCD results. As the chiral tran-
sition temperature (inflection point of the quark conden-
sate) appears in the PNJL shifted to higher tempera-
tures, we plot the quark condensate as a function of T/Tc.
The renormalized quark condensate ∆l,s is defined as [22]
∆l,s(T ) ≡
〈q¯q〉(T )− mq0ms0 〈s¯s〉(T )
〈q¯q〉(0)− mq0ms0 〈s¯s〉(0)
, (5)
where Tc = 157 ± 6 MeV in the lattice-QCD results of
Ref. [22]. q denotes any of the light quarks (we take them
as degenerate).
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FIG. 2: Renormalized quark condensate as a function of
the temperature versus T/Tc in the PNJL model computed
at mean-field level. The dots correspond to the lattice-QCD
calculation of Ref. [22].
In Fig. 2 we compare the result from the PNJL model
with the lattice-QCD calculation of Ref. [22]. In the
PNJL model we compute Tc as the inflection point of
the quark condensate, which for the light sector it reads
Tc = 209 MeV (for the strange one lies very close at
Tc = 208 MeV). A similar trend for the renormalized
condensate is captured in the Polyakov-loop quark-meson
model of Ref. [18].
MESONIC FLUCTUATIONS
At low-temperatures the Polyakov loop contribution
is able to suppress unphysical pressure from quarks [6].
However, the mean-field computation at O(Nc) can-
not account for the hadronic pressure at T < Tc.
The mesonic contribution to the pressure is encoded
in the fluctuations over the mean field contained in
Ω
(0)
q [16, 17, 23, 24]. At this order one should introduce
the “Fock diagram” and the infinite set of ring diagrams
depicted in Fig. 3.
The quark propagators computed from the diagrams
of Fig. 1 are also used now for the diagrams of Fig. 3.
Though one looses self-consistency, this approximation
FIG. 3: Fock and ring diagrams contributing to the grand-
canonical potential at O(N0c ). Mesonic contributions to the
pressure are encoded in the ring summation.
is still consistent with Nc counting [17, 23, 25]. From
this perturbative addition, mesonic correlations emerge
in the thermodynamical potential. This can also be seen
in terms of scattering amplitudes, where the equivalent
approach is the solution of a Bethe-Salpeter equation for
the quark-antiquark scattering in the “random-phase ap-
proximation”. The resulting scattering amplitudes con-
tain poles in the complex energy plane associated to
mesonic states. Masses and decay widths of these states
(associated to the real and imaginary parts of the pole
position) were calculated for instance in Ref. [19].
The computation of Ω
(0)
q can be performed using the
“coupling-constant integration technique” [3, 17, 23].
The total contribution to the thermodynamic potential
comes from every possible spin-flavor meson channel is
Ω(0)q (T, µi) =
∑
M∈pi,K,K¯,η,η′,f0
Ω
(0)
M (T, µM (µi)) , (6)
where we have considered all possible scalar and pseu-
doscalar states with a vacuum mass below 1 GeV. Notice
that the meson chemical potential is a function of the
quark chemical potential, µM = µq − µ′q, with q and q′
denoting the valence quark and antiquark of each meson.
In the imaginary-time formalism, each individual con-
tribution reads [17, 23, 26, 27]
Ω
(0)
M (T, µM ) =
gM
2
T
∑
n
∫
d3p
(2pi)3
log[1−2KMΠM (iωn,p)] ,
(7)
where gM is the spin-isospin degeneracy factor for each
meson, KM = KM (T ) is the quark coupling (cf. Ref. [19]
for details) and ΠM (iωn,p;T, µi) is the q− q¯ polarization
function with the appropriate quantum numbers of the
state M . Explicit formulas are shown in Ref. [17, 19, 28].
We remind that one can connect the expression in
Eq. (7) with the so-called Beth-Uhlenbeck approach,
where the thermodynamic potential is expressed in terms
of the q¯ − q scattering phase-shift in the appropriate
channel [17, 23, 26, 27]. For this, one makes use of the
Jost representation of the S-matrix element, which is re-
lated to the scattering phase-shift as sM (ω,p;T, µM ) =
e2iδM (ω,p;T,µM ) [29]. The latter is introduced as
δM (ω,p;T, µM ) = − Arg [1− 2KMΠM (ω+ i,p)] , (8)
4where we have performed the analytic continuation of the
integrand in Eq. (7) to real energies (iωn → ω + i).
A simplifying assumption is that the energy-
momentum dependence of the phase-shift is approxi-
mately Lorentz invariant. Introducing the Mandelstam
variable s = ω2 − p2 one approximates
δM (ω,p) ' δM (
√
ω2 − p2, 0) = δM (
√
s) . (9)
We have numerically checked the validity of this approx-
imation, except for small deviations due to the Landau
cuts at finite momentum. The behavior of δM (
√
s) is
directly linked to the analytical structure of the q − q¯
polarization function along the real energy axis. In
particular it is sensitive to the presence of mesonic
bound states (where the phase-shift jumps from 0 to pi),
and to the appearance of the unitary and Landau cuts
(the latter at nonzero temperatures for unequal quark
masses [30, 31]). Detailed discussions on the analytical
structure of the polarization function can be found in
Refs. [17, 23, 26, 27, 32].
Integrating Eq. (7) by parts, and neglecting the vac-
uum contribution (“no-sea approximation”) [26] one fi-
nally obtains the final formula [17, 23, 26]
Ω
(0)
M (T, µM ) = −
gM
8pi3
∫
dpp2
∫
ds
1√
s+ p2
[
1
e(
√
s+p2−µM )/T − 1
+
1
e(
√
s+p2+µM )/T − 1
]
δM (
√
s;T, µM ) . (10)
PRESSURE OF A QUARK—POLYAKOV
LOOP—MESON MIXTURE
We present our results for the total pressure of the
system at zero chemical potential,
P (T ) = −[ΩPNJL(T, µi = 0)− ΩPNJL(T = 0, µi = 0)]
(11)
with the grand-canonical potential at O(1/Nc)
ΩPNJL(T ) = Ω
(1)
q (T ) +
∑
M
Ω
(0)
M (T ) + Uglue(T ; Φ, Φ¯) .
(12)
In the upper panel of Fig. 4 we show the progressive
addition of different mesonic states: 1) mean-field result
(gas of quark-antiquarks and static gluons) 2) effect of
pionic correlations 3) kaon-antikaon contribution 4) all
scalar and pseudoscalar mesonic states with a vacuum
mass < 1 GeV (pi,K, K¯, η, η′, f0). Notice that the more
massive states still have an appreciable contribution at
high temperatures. This is related to the fact that in
the PNJL model the melting (or Mott) temperatures of
mesons are large in comparison with the transition tem-
perature [19]. Although they eventually melt down above
Tc and only appear as scattering states, they still have
tiny contribution of a few % of the total pressure (which
becomes sizable when it is multiplied by the total number
of states e.g.
∑
M gM = 18 for all J
pi = 0± states). This
effect needs to be readdressed in the future. In the lower
panel we compare our outcome with two recent data sets
from lattice-QCD results at zero chemical potential, Set
1 is taken from Ref. [14] and Set 2 from Ref. [15].
The results are quite satisfactory given the fact that
for the application to the PNJL model at mean field,
we have only modified a single parameter T cr from the
parametrization given in Ref. [18]. In addition, the con-
tribution from the mesonic fluctuations carries no new
parameters. Around Tc the underestimation of the to-
tal pressure can be systematically cured by adding more
hadronic states (other mesons and even baryons).
Given the reasonable good comparison with lattice-
QCD data we plan to explore the QCD phase diagram at
finite chemical potential. As opposed to current lattice-
QCD calculations, the PNJL model allows for a straight-
forward extension to this case.
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